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Abstract

High-Reynolds number lid-driven flow in arc-shape cavities with different cross sections is considered up to Re = 8000. The
unsteady streamfunction—vorticity transport formulation is adopted and a second order finite difference numerical method is ap-
plied to computational grids generated by body-fitted coordinate transformation. The effects of aspect or arc angle ratio r, on the
formation and growth of vortical structures, as well as on the existence and development of periodic solutions are discussed. It is
found that for the case where r > 1/2, only a secondary vortex appears in addition to a primary core vortex, for stationary solu-
tions, whereas tertiary and quaternary vortices appear for the cases where r < 1/2, near the curved wall. Periodic solutions at high
Reynolds numbers are observed when r > 1/2; while transient oscillations decay in time for r < 1/2.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The flow problem in lid-driven cavities has been a popular research subject due to its wide range of physical appli-
cations for which the structure of inertia induced vortices in a cavity needs to be investigated in detail. The lid-driven
cavity problem has also been used as a classical benchmark case to test new numerical schemes and methods [1-3].
Most of the studies in the literature are concerned with the square or rectangular cavity flows, although in applications,
the cavities may be non-rectangular. There are few studies dealing with flows in curved cavities driven by a moving
lid. Tillmark [4] carried out an experimental and numerical study on the lid-driven flow in a polar cavity. In a series of
papers, Cheng et al. [5-7] studied experimentally and numerically the effects of buoyancy and convective heat transfer
on the flow pattern inside an arc-shape cavity. Migeon et al. [8] studied experimentally the effects of lid-driven cavity
shape on the flow establishment phase for square, rectangular and semi-circular cavities. Recently, Glowinski et al. [9]
applied a finite element method to the wall-driven flow in a semi-circular cavity and revealed the vortex structure at
high Reynolds numbers. They also identified a Hopf bifurcation leading to periodicity of solutions around a Reynolds
number of Re = 6600.
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In the present work, we aim to study the formation and establishment of vortical structures at high Reynolds
numbers up to Re = 8000, in arc-shape cavities of different cross sections, including the semi-circular cavity as a test
case. We also aim to observe periodicity of solutions in transient and steady-state flow regimes, and to identify the
effect of cross sectional shape determined by the aspect ratio or arc angle ratio r, on the existence of periodic solutions,
reported in [9] for a semi-circular cavity. The unsteady streamfunction-vorticity transport formulation is adopted.
Body fitted coordinate transformation is applied to generate an elliptic computational grid. The governing equations
are discretized in space using second-order finite differences. The streamfunction equation is solved using the iterative
method of successive over relaxation with Chebyshev acceleration. Coupled to it, the vorticity transport equation is
solved in time using a second-order explicit Adams—Bashforth scheme. The primary, secondary and higher vortical
structures formation and establishment are compared for different arc-shape cavity cross sections. The existence of
periodic solutions in transient and steady-state flow regimes is investigated.

2. Formulation and numerical solution method

We consider an arc-shape cavity of height H and with a lid of length L at the top, moving at a constant speed Uy to
the right. Different cross sectional cavities are considered, which correspond to different aspect ratios H/L. They are
also characterized by the ratio, r, of the arc angle to 2. Five different cross sections are considered, corresponding to
r=2/3,r=1/2,r=1/3,r =1/4 and r = 1/5 ratios. The arc angle ratio r = 1/2 corresponds to semi-circular case.

It is possible to transform the physical domain of the cavity to a rectangular computational domain in two di-
mensions. The transformation gives rise to a body fitted coordinate system [10,11], in which the coordinate lines are
given by the images of uniform coordinate lines in the computational domain. We then consider the mapping from the
computational domain (&€, n) to physical domain (x, y). The elliptic grid generation equations are given as,

axgg — 2Bxgy + yxp, =0, ey

ayse —2Byen +yyg =0 )
where the subscripts denote partial differentiation and «, B, y are transformation metrics which are written as,

a= x,% + y,%, 3)

B = xexy + Yeyn, )

y =xZ+ i (5)

The grid orthogonality is controlled by vanishing second transformation metric §. In this work, for the grids that have
been generated by the elliptic grid generation technique, the order of magnitude of the second transformation metric
B is 107%. An example of a generated elliptic grid is given in Fig. 1.

To model the flow inside the cavity, we use streamfunction-vorticity transport formulation. Choosing the lid length
L as a length scale, and the lid speed Uy as a velocity scale, the non-dimensional flow equations in curvilinear
coordinates are,

O”/’SS _Zﬂwén"')ﬂ//nn:_-lzwa (6)
1
Re J?
where 1 represents the streamfunction, w is the vorticity, # and v are the velocity components in (x, y) plane and J

is the Jacobian of the transformation which is written as,

1
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Fig. 1. (27 x 81) grid sample for r = 1/3 arc cavity.
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The non-dimensional Reynolds number is defined with respect to fluid density p and viscosity pu as Re = pUyL /.
The time variable is non-dimensionalized by choosing the time scale as L/ Uy. In this work, L and Uy are set to be
equal to unity. The boundary conditions are no-slip conditions.

The equations are discretized using a second order centered difference scheme in space and an explicit second-
order Adams—Bashforth scheme in time. The discretized streamfunction equation (6) is solved coupled to the vorticity
transport equation (7), by using the iterative method of successive over relaxation with Chebyshev acceleration to
accelerate the rate of convergence [12].

The boundary conditions, on stationary walls are written as,

=0, v=0, ¥ =0 ~|-2 Gl 9
u=0, v=0, ¥=0 owy= m(lﬂw—lﬂwq)%— > ©)
and on the moving lid they become,
3 ww—1 33Uy
u=Up, v=0, ¢ =0, ww=[m<ww—ww1>+ 2 +E}' (10)

The above discretized form of the vorticity boundary condition follows Woods formula [13], and takes into account
interior values of vorticity as well. The subscript w denotes the value at the boundary whereas w — 1 denotes the
neighboring value in the direction normal to the surface. A# is the space difference between the two adjacent points
calculated for the grid with appropriate metrics.

3. Numerical tests and comparisons

Convergence tests for different Reynolds numbers have been performed on 61 x 61, 81 x 81 and 101 x 101 grids,
for r =1/3 and r = 1/4 arc cavity cases at Re = 5000 and Re = 6500. The difference for minimum and maximum
streamfunction values was of the order of 107* between 81 x 81 and 101 x 101 grids. Finally, a 101 x 101 grid is
chosen to be used in the simulation results presented in this work. Numerical result comparisons with previous works
are given in Tables 1 and 2. The minimum and maximum streamfunction values are shown for r = 1/3 ratio arc
geometry in Table 1 at Re = 100, Re = 1000 and Re = 1500. The corresponding values are shown for r = 1/2 ratio
arc geometry (semi-circular case) in Table 2 at Re = 5000 and Re = 6600. The streamlines are shown for r = 1/3
ratio case at Re = 1000 in Fig. 2(a), and at Re = 1500, in Fig. 2(b). For » = 1/2 semi-circular case, the streamlines
at Re = 5000 and at Re = 6600 are given in Fig. 2(c) and in Fig. 2(d), respectively. They agree with the results in [5]
and [9].

Numerical simulations by Glowinski et al. [9] show a secondary vortex beginning to form at # >~ 6. Their non-
dimensional time definition is the same as the definition used in this paper. Migeon et al. [8] carried out experiments

Table 1

The minimum and maximum streamfunction values for » = 1/3 arc cavity

Re Vmin VYmax

100 [5] —0.0415832 0.0
[Present ] —0.0416261 0.0

1000 [5] —0.0450499 0.0001003
[Present] —0.0452365 0.0000918

1500 [5] —0.0437994 0.0016739
[Present] —0.0441206 0.0016934

Table 2
The minimum and maximum streamfunction values for r = 1/2 arc cavity
Re Ymin Location Wmax Location
5000 [9] —0.0726 (0.6809, —0.1988)
[Present ] —0.0694 (0.7132, —0.1825) 0.01236 (0.2676, —0.2137)
6600 [9] —0.0673 (0.7006, —0.1894)

[Present] —0.0656 (0.7464, —0.1704) 0.01581 (0.3020, —0.2208)
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(a) r = 1/3 arc cavity at Re = 1000, (b) r = 1/3 arc cavity at Re = 1500,
Ymin = —0.0452365, Y¥rmax = 0.0000918 Ymin = —0.0441206, Yrmax = 0.0016934
8 \ .
(c) r = 1/2 arc cavity at Re = 5000, (d) r = 1/2 arc cavity at Re = 6600,
Ymin = —0.0694, Yrmax = 0.01236 Ymin = —0.0656, Yrmax = 0.01581

Fig. 2. Streamlines at different Reynolds numbers for r = 1/3 and r = 1/2 arc cavities.
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Fig. 3. Time evolution of streamlines for » = 1/2 arc cavity at Reynolds number Re = 1000.

to study the flow establishment in a semi-circular cavity, and reported a homogeneous and uniform recirculation
or primary vortex with no secondary flow, at Re = 1000, for a final time of observation corresponding to our non-
dimensional time (defined above) ¢ ~ 3.5, as also noted in [9]. The flow establishment test results are shown in
Figs. 3(a)-3(d). Our results agree with both the experimental observations and previous numerical simulations, with
no secondary vortex up to ¢ ~~ 6, and with a secondary vortex appearing at ¢ ~ 6.5 and growing to reach a steady state
size at t >~ 12.

4. Results and discussion
4.1. Vortex structure
For the considered arc angle ratios, the steady state vortical structures for different Reynolds numbers are observed

and compared. It is accepted that the steady state is reached according to a relative difference norm E of the vorticity
at each (k 4+ 1)th Adams—Bashforth time step with respect to the previous kth time step as
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(a) Re = 1000, yrmin = —0.122557, (b) Re = 3000, Y/yin = —0.120525,
Ymax = 0.0 Vimax = 0.00006883

(¢) Re = 5000, Yrmin = —0.115461, (d) Re = 7000, Yin = —0.122939,
Vmax = 0.00063078 Vmax = 0.00291456

Fig. 4. Streamlines at different Reynolds numbers for » = 2/3 arc cavity case.

where N¢ and N, denote the number of grid points in the & and 5 directions respectively. In the simulations for
presented steady state results this E value is of the order of 108 and below.

For all the cases, the primary core vortex forming at small Reynolds numbers, is shifted in the direction of the lid
motion as the Reynolds number is increased. For » = 2/3, a secondary vortex forms near the upper left corner when
the Reynolds number approaches Re = 3000 (Figs. 4(a)-4(b)). This secondary vortex grows with increasing Reynolds
number as it can be seen (Figs. 4(c)—-4(d)). The corresponding vorticity lines can be observed in Figs. 5(a)-5(d).

For r = 1/2 semi-circular case, the vortex structure is as given in the numerical tests at Figs. 2(c)-2(d) and com-
parisons at Table 3 of the previous section. In accordance with the results in [9], a secondary vortex forms near the
lower left part of curved wall when Reynolds number is around Re = 1000 (Fig. 3(d)), and grows with increasing
Reynolds number up to Re = 7000 to cover almost the entire left half part of the cavity. A tertiary vortex appears at
the left bottom part at Re = 5000 and grows with increasing Reynolds number [9].

For r = 1/3, as the Reynolds number is increased beyond Re = 1500, the secondary vortex which formed at the
lower left curved wall region at Re = 1000 (Fig. 2(a)), grows in the direction of lid motion and occupies the entire
bottom of the curved wall (Fig. 6(a)), while the primary vortex is subdivided in two vortices, one occupying the upper
central region, the other located at the upper right corner. When the Reynolds number is further increased, the upper
central vortex grows and occupies the central region while the bottom vortex splits up in two vortices, one in the
left and the other in the right lower curved wall regions (Fig. 6(b)). The splitting up of the bottom vortex occurs
when the Reynolds number is between 4000 < Re < 4250. Their sizes become approximately equal when Re = 8000
(Fig. 6(d)). The corresponding vorticity lines can be observed in Figs. 7(a)-7(d).

For r = 1/4, a secondary vortex forms at the bottom of the curved wall at Re = 1500 (Fig. 8(a)). This vortex
grows in size and covers a larger portion of the bottom, while the core vortex shifting to the right corner is subdivided
into two vortices, one in the central region, the other in the upper right corner (Figs. 8(b)-8(e)). At Re = 4750, the
secondary vortex at the bottom part of the curved wall is observed to be divided into two vortices, one in the left and
the other in the right bottom part of the curved wall (Fig. 8(c)). The splitting up of the bottom vortex occurs when the
Reynolds number is between 4500 < Re < 4750. If the Reynolds number is further increased, the left bottom vortex
grows, while the right bottom vortex becomes smaller in size (Fig. 8(e)).
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(a) Re = 1000

(c) Re = 5000 (d) Re =7000

Fig. 5. Vorticity lines at different Reynolds numbers for r = 2/3 arc cavity case.

(a) Re = 3000, Yryin = —0.0295961, (b) Re = 5000, Yin = —0.0354721,
Vmax = 0.00536434 Vmax = 0.00422793

(¢) Re = 6000, Yryin = —0.0356826, (d) Re = 8000, ¥yin = —0.0389991,
Ymax = 0.00402288 Vmax = 0.00645591

Fig. 6. Streamlines at different Reynolds numbers for r = 1/3 arc cavity case.

(a) Re = 3000

(c) Re = 6000 (d) Re = 8000

Fig. 7. Vorticity lines at different Reynolds numbers for » = 1/3 arc cavity case.
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(a) Re = 1500, Yrmin = —0.031064, (b) Re = 3000, Vpin = —0.0267877,
Vmax = 0.00009465 Vimax = 0.00201124

<
=2z

(¢) Re = 4750, Yryin = —0.0276731, (d) Re = 6000, Ymin, = —0.0273867,
Vmax = 0.00232197 Ymax = 0.002182

(e) Re = 8000, Yrmin = —0.0272293,
Ymax = 0.0022504

Fig. 8. Streamlines at different Reynolds numbers for » = 1/4 arc cavity case.

(a) Re = 1500, yrmin = —0.0248424, yrmax = 0.0 (b) Re = 3000, Ymin = —0.0236967, Ymax = 0.00063691

(¢) Re = 5000, Yrmin =

=>4

(e) Re = 8000, ¥in = —0.0220907, Yrmax = 0.00148544

Fig. 9. Streamlines at different Reynolds numbers for » = 1/5 arc cavity case.

Finally for r = 1/5, the secondary vortex at the bottom part forms at a higher Reynolds number (near Re = 3000),
compared to previous cases (Figs. 9(a)-9(b)). At Re = 3000, we also observe that the core vortex is subdivided into
two vortices (Fig. 9(b)). At Re = 5000, this secondary vortex begins to split up in two vortices, one in the left and the
other in the right bottom regions (Figs. 9(c)-9(d)). The splitting up of the bottom vortex occurs when Re > 5000. As
in the case of r = 1/4, when the Reynolds number is further increased, the left bottom vortex grows, while the right
bottom vortex becomes smaller in size (Fig. 9(e)). Compared to previous r = 1/4 case, the size ratio of left bottom
vortex to right bottom vortex is greater.

4.2. Periodicity of solutions

In [9], a Hopf bifurcation has been reported for semi-circular lid driven cavity problem, at a Reynolds number
around Re = 6600. Our results for the same cavity indicate this Hopf bifurcation leading to periodicity of solutions at a
Reynolds number Re = 6650 in accordance with the results in [9] (Fig. 10). The speed evolution and its phase portrait
at a point near the upper left corner can be observed in this figure for Re = 6650. Long time integrations indicate
oscillations of amplitude of the order of 10~2 and with a period T =~ 1.15. For other arc angle ratios, we investigate
the periodicity of transient and steady state solutions up to Reynolds number Re = 8000. For the case r = 2/3, a Hopf
bifurcation is found around Re >~ 7500 and oscillatory solutions are settled at long times. Time evolution of speed at
a point near the center and its phase portrait can be observed in Fig. 11, with oscillations of amplitude of the order of
1073 and a period T ~~ 2.69. The periodic pattern of streamlines is given in Fig. 12, for an nth period where 7 is an
integer. The vortex near the left part of the curved wall is observed to split up in two smaller vortices which in turn
merge in one again in each period. For Reynolds numbers less than Re >~ 7500, no such periodicity has been noticed.
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Fig. 10. Time evolution of speed and its phase portrait at point (0.0385, —0.1290) near the upper left corner for » = 1/2 arc cavity at Re = 6650.
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Fig. 11. Time evolution of speed and its phase portrait at point (0.3529, —0.3423) near the center for r = 2/3 arc cavity at Re = 7500.

For the cases r = 1/3, r = 1/4 and r = 1/5, time evolution of speed at a point near the upper left corner is given in
Fig. 13 up to non-dimensional time ¢ = 100, for Re = 8000. Although we observe some oscillations at early times, no
steady state periodic solutions exist for these cases. However, a slowly decaying periodic solution can be observed for
the case r = 1/4. Near ¢ >~ 100, the oscillations are of the magnitude of the order of 1073,

4.3. Flow establishment

It is first noted that for r > 1/2, although the vortical structures settle at early time, periodicity settles at large time
(at t =350 for r = 1/2 at Re = 6650 and at ¢ >~ 800 for r = 2/3 at Re = 7500). For r < 1/2, no steady-state periodic
solutions exist, however, considering the rich vortex structure, we focus on the cases r =1/3,r =1/4 and r = 1/5,
to observe the time formation of recirculating zones. We present the case of » = 1/5 at Re = 6000 in Fig. 14. First the
right corner vortex is formed together with a lower right vortex at t >~ 1. Then a central vortex forms and grows. The
lower right vortex grows to reach a final size at r >~ 3, while a second vortex near the moving lid forms at r >~ 1.5 and
grows up to ¢ ~ 3. A small vortex at the bottom forms at # >~ 3 and grows to reach a steady size at t >~ 15. The flow
structures are observed to settle at # 2~ 20.

The flow establishment for r = 1/4 arc cavity is similar at high Reynolds numbers. However for r = 1/3 arc cavity,
although the vortical structures have similarities to » = 1/4 and » = 1/5 arc cavity cases, there are differences in flow
establishment. In Fig. 15, it can be observed that the lower vortex forming at curved wall at ¢ 2~ 1, grows considerably
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(a)t=nt b)ytr=nt+1t/8
(c)t=nt+21/8 dt=nt+71/2
(e)t=nt +37/4 Ot=nt+1

Fig. 12. Streamlines pattern in one period for r = 2/3 arc cavity case at Reynolds number Re = 7500.

Summary of the effect of aspect ratio on the formation of vortices and periodicity

r H/L Secondary Tertiary Quaternary Periodicity of
vortex vortex vortex the solution

2/3 0.8660 Re ~ 3000 Re =~ 7500

1/2 0.5 Re ~ 1000 Re ~ 5000 Re ~ 6650

1/3 0.2887 Re ~ 1000 Re ~ 2000 Re ~ 4250

1/4 0.2071 Re ~ 1500 Re ~ 2500 Re ~ 4750

1/5 0.1625 Re ~ 3000 Re ~ 3000 Re ~ 5000

up to t 2~ 5 to cover all lower right and central parts. This vortex then splits up into a lower left and lower right vortices
up to r >~ 15. The flow structures settle at >~ 30.

5. Concluding remarks

In summary, aspect ratio or arc angle ratio has a considerable effect on the flow establishment and vortical structures

as well as on the nature of steady state solutions in arc shape cavities, at high Reynolds numbers. The main results are
summarized in Table 3.
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Fig. 13. Time evolution of speed at a point near the upper left corner for r = 1/3, r = 1/4, r = 1/5 arc cavities at Reynolds number Re = 8000.
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Fig. 14. Time evolution of streamlines for r = 1/5 arc cavity case at Reynolds number Re = 6000.

(e)30 <t <100

Fig. 15. Time evolution of streamlines for r = 1/3 arc cavity case at Reynolds number Re = 5000.
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For r = 2/3 arc cavity, only a secondary vortex near the upper left corner in addition to the primary core vortex
appears and grows with increasing Reynolds number, for stationary solutions.

For r = 1/2 arc cavity, the vortex structure consists of the secondary vortex which grows in size and covers the
left part of the cavity with increasing Reynolds number, as well as a tertiary vortex which appears at the bottom of the
cavity (curved wall) as observed also in [9].

Forr =1/3,r =1/4 and r = 1/5 arc cavity cases, the final vortex structures at high Reynolds numbers are much
richer and a quaternary vortex appears from the splitting up of the secondary bottom vortex, in addition to upper right
corner and central vortices. However, the relative sizes of left and right bottom vortices depend on the arc angle. Their
sizes are almost equal for r = 1/3 at high Reynolds number. The left bottom vortex becomes greater in size compared
to right bottom vortex for » = 1/4 and even greater for r = 1/5.

It is noted that the secondary vortex is formed at higher Reynolds numbers as r is decreased from r = 1/3 to
r =1/5. Also, the splitting up of the bottom vortex into a left and right vortex, occurs at higher Reynolds numbers
as r is decreased fromr =1/3tor =1/5.

Periodic solutions have been observed for r = 1/2 arc cavity, at Re = 6650, similar to results reported in [9]. Such
periodic solutions are also found for r = 2/3 arc cavity case, at Re = 7500 for long times. The period of oscillations is
noted to be larger compared to r = 1/2 case. However for » = 1/3, r = 1/4 and r = 1/5, transient periodic solutions
are observed to decay at advanced time, for Reynolds numbers up to Re = 8000. In the case of » = 1/4, the periodic
nature of the transient solutions is more pronounced and the decay of periodicity is observed to be much slower
compared to r = 1/3 and r = 1/5 cases.
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